Methods are developed for constructing spectral representations of cold (barotropic) neutron-star equations of state. These representations are faithful in the sense that every physical equation of state has a representation of this type, and conversely every such representation satisfies the minimal thermodynamic stability criteria required of any physical equation of state. These spectral representations are also efficient, in the sense that only a few spectral coefficients are generally required to represent neutron-star equations of state quiet accurately. This accuracy and efficiency is illustrated by constructing spectral fits to a large collection of "realistic" neutron-star equations of state.
I. INTRODUCTION
The gravitational field of a neutron star compresses the material in its core to densities that exceed those inside normal atomic nuclei. The resulting matter is a mixture of free baryons (neutrons and protons), leptons (electrons and muons), and likely also smaller fractions of hyperons, mesons, or perhaps even free quarks. The basic thermodynamic relationship between the total energy density ǫ, and the pressure p of this material is called its equation of state, ǫ = ǫ(p), and is determined by the complicated micro-physical interactions between the various particle species present in the mixture [1] .
In addition to its dependence on the pressure, the energy density of a mixture also depends typically on the temperature and other quantities like the relative abundances of the different particle species. Thus there is no guarantee that a simple barotropic form, ǫ = ǫ(p), applies to any, let alone universally to all, neutron-star matter. Yet there is reason to expect that a universal barotropic form might be an excellent approximation. Neutron stars are born when the cores of massive stars (and perhaps white dwarfs) become unstable and undergo gravitational collapse. Compression heats the material as it collapses, to temperatures that exceed the binding energies of all atomic nuclei. Neutron-star matter always begins therefore as a very hot plasma of free baryons and leptons, etc. This material is expected to evolve quickly to the lowest available energy state as it cools by neutrino and photon emission, and this fixes the relative abundances of the various particle species. The thermal energies of the particles fall rapidly below their Fermi levels, so the thermal contribution to the energy rapidly becomes negligible. The matter therefore is expected to evolve on a very short time scale to a state that is well described by a temperature independent barotropic equation of state. This paper develops more efficient ways to represent equations of state of this type.
The matter densities in the cores of neutron stars are well beyond the reach of current laboratory experiments. Heavy-ion scattering (including most recently those conducted at RHIC and LHC) provides a wealth of information about the interactions among the various particles expected to make up neutron-star matter. Unfortunately those experiments bear only indirectly on the properties of the equilibrium ground state, because the effective temperature of the nuclear matter in the experiments is quite high. Little insight is provided therefore into effects, like complicated many body interactions, that might play a role only in states with low temperature and high density and pressure.
There has also been a significant effort over the past several decades to understand this material from a theoretical perspective: hundreds of papers devoted to modeling neutron-star matter have appeared in the literature. But the properties of this material are far outside the realm where the usual arsenal of theoretical tools were designed to work reliably, so it is not surprising that there is no consensus among theoreticians yet on the neutronstar equation of state. For example, the current models' predictions of the pressure at a given density still vary by about an order of magnitude [2] .
Direct observations of neutron stars may be the most promising approach to understanding the properties of high-density nuclear matter. It is well known that the equation of state along with the gravitational field equations determine the observable macroscopic properties of neutron stars [3] , and conversely that a complete knowledge of an appropriate set of macroscopic properties (e.g. masses and radii) determines the equation of state [4] . Studies of neutron-star models show that their macroscopic properties, like their masses and radii, vary widely even within the current "realistic" class of equations of state [2, 5] . So it has long been recognized that accurate observations of the macroscopic properties of neutron stars will provide significant constraints on the nuclear equation of state. Unfortunately the needed observations are quite difficult to make. Masses of several dozen neutron stars have now been measured fairly accurately (see e.g. Ref. [6] ), and these observations have ruled out large classes of very "soft" equation of state models. Only a few radius measurements have been made however [7] , and these are not reliable and accurate enough yet to make solid quantitative measurements of the equation of state itself possible.
There is reason to hope that more abundant and accurate measurements of both neutron-star masses and radii will become available, however. When the first ac-curate measurements are made, they are not likely to be numerous and accurate enough to determine the entire high density portion of the neutron-star equation of state. Various attempts have been made, therefore, to find representations of equations of state that make their essential features depend on just a few parameters. One approach is to use the parameters that characterize the nuclear interaction models as a way to parametrize the equations of state constructed from them. These might include a number of micro-physical parameters like the bulk nucleon incompressibility and symmetry energy parameters in models of the nucleon interaction potential [8] , or the coupling constants and mixing angles in effective mean field theory descriptions [9] . Comparing the masses and radii of neutron stars based on these model equations of state should fix the values of the unknown nuclear interaction model parameters. This approach would clearly be ideal if a reliable and accurate microphysical model of neutron-star matter were known. Unfortunately there is no consensus that any of the existing nuclear-matter models are good enough yet to describe neutron-star matter accurately and reliably.
Another approach is to construct purely empirical fits rather than micro-physics based models of the equation of state. The first attempts to do this [4, 10] approximated the high density part of the equation of state as a simple polytrope, i.e., an equation of state in which the pressure is proportional to a power of the density.
1 These first simple fits were shown to reproduce the central pressures and densities of neutron-star models based on "realistic" equations of state with about 15% accuracy [4] . This type of approximation can be improved by dividing the relevant range of pressures into a number of intervals, p 0 < p 1 < ... < p max , and fitting a different polytrope to the equation of state in each interval. Any level of accuracy can then be achieved by using a sufficiently large number of intervals. A number of authors have proposed using piecewise polytropes to approximate the high density part of the neutron-star equation of state [2, 10, 11] , and these approximations turn out to be quite efficient. Fits of the high density parts of "realistic" neutron-star equations of state have been shown to achieve accuracies of a few percent for piecewise polytropes with only a small number of free parameters [2, 10, 11] . The most extensive study to date uses fits with four free parameters that give average errors of only a few percent for 34 realistic equations of state [2] . Other types of empirical fits to neutron-star equations of state have also been reported in the literature [12] [13] [14] [15] . These provide high accuracy approximations of particular realistic equations of state (generally using fifteen to twenty parameters to do this), and do not appear to have been intended as efficient ways to model large classes of equations of state. This paper continues the effort to construct efficient empirical representations of "realistic" neutron-star equations of state. New methods are described here for constructing parametric representations based on spectral fits. Spectral representations are generalizations of the Fourier series used to represent periodic functions. It is shown in Sec. II that spectral representations can be constructed that are faithful, in the sense that every physical equation of state has such a representation and conversely that every such representation satisfies the basic thermodynamic stability conditions required of any equation of state. It is also shown in Sec. III that these spectral representations do a good job of representing the currently available "realistic" neutron-star equations of state. A suitably constructed two-parameter spectral representation is shown to be about as accurate as the most carefully studied four-parameter polytrope fits [2] . For smooth equations of state, the errors in the spectral fits decrease exponentially as the number of parameters is increased, while piecewise polytrope fits generally decrease only quadratically. These spectral fits make it possible therefore to provide very accurate representations of the neutron-star equation of state using only a small number parameters. They should provide an important new tool for extracting the high density equation of state from neutron-star observations.
II. SPECTRAL REPRESENTATIONS OF THE EQUATION OF STATE
Any equation of state, ǫ = ǫ(p), can be represented in a "spectral" expansion, as linear combinations of basis functions Φ k (p):
Any complete set of functions, such as the Fourier basis functions or the Chebyshev polynomials, could be used as the Φ k in these expansions. Equations of state are determined in such representations by their spectral coefficients, ǫ k . Truncated versions of these expansions, in which only a finite number of terms are kept, provide approximate parametric representations of arbitrary equations of state: ǫ = ǫ(p, ǫ k ). Physical equations of state must be non-negative, ǫ(p) ≥ 0, and monotonically increasing functions, dǫ(p)/dp ≥ 0, to insure thermodynamic stability. Since almost all functions fail to satisfy these conditions, it follows that almost all choices of spectral coefficients, ǫ k , in an expansion such as Eq. (1) represent functions that can not be equations of state. Thus the spectral coefficients ǫ k obtained by fitting to a physical equations of state are likely to produce a representation that violates basic thermodynamic stability. So unfortunately, representing an equation of state with a straightforward spectral expansion is not particularly useful.
Instead, faithful representations are needed: ones that ensure the positivity and monotonicity conditions for every choice of spectral coefficients. Methods of constructing faithful representations of the equation of state are presented in the following sections. Spectral representations of the standard form of the equation of state, in which the energy density is expressed as a function of the pressure ǫ = ǫ(p), are presented in Sec. II A. For some applications it is more convenient to express the equation of state in terms of the relativistic enthalpy ǫ = ǫ(h). Spectral representations of these enthalpy based forms are given in Sec. II B.
A. Pressure Based Forms
An equation of state ǫ(p) determines, and is determined by (up to an integration constant), the adiabatic index Γ(p), defined by
Given Γ(p), the equation of state ǫ(p) is determined simply by integrating the first-order ordinary differential equation,
The adiabatic index must be positive Γ(p) > 0 to ensure thermodynamic stability, but it need not be monotonic. Thus a larger class of functions represent possible physical adiabatic indices, and this makes it easier to represent equations of state through spectral expansions of Γ(p). In particular, every physical equation of state can be represented by the following spectral expansion of the adiabatic index Γ(p):
Conversely, every choice of γ k (for which the series in this expansion converges) results in a positive adiabatic index, and thus an equation of state from Eq. (3), that satisfies the positivity and thermodynamic stability conditions. So this representation is faithful in the sense defined in Sec. II. The construction of an explicit spectral representation of the equation of state requires a choice for the basis functions Φ k (p). To that end, it is useful to define a dimensionless logarithmic pressure variable:
The constant p 0 is a scale factor, chosen here to be the minimum value of the pressure, p 0 ≤ p, in the domain where the spectral expansions are to be used. The following expansion of the adiabatic index Γ(x) is found to be useful and effective,
One advantage of this simple power-law basis is that the lowest order spectral coefficients γ k have fairly simple physical interpretations. For example the lowest order coefficient, γ 0 , is determined by the adiabatic index evaluated at the reference pressure: γ 0 = log Γ(p 0 ). Similarly, the next coefficient, γ 1 , determines the behavior of the adiabatic index,
The power law basis, Φ k (x) = x k , has the advantage of simplicity. While it might be advantageous to choose another basis like the Chebyshev polynomials for some purposes, these advantages can only be fully exploited by using a knowledge of the exact range, 0 ≤ x ≤ x max , and re-scaling x in the optimal way. The additional information, like x max for example, needed to do that will not be available a priori for the real neutron-star equation of state. So here the simple power law basis is used, and fortunately this choice seems to work quite well.
Given an adiabatic index, Γ(p), it is straightforward to determine the equation of state, ǫ(p), by integrating the ordinary differential equation, Eq. (3). The solutions and hence the equation of state can be reduced to quadratures:
where µ(p) is defined as
and where ǫ 0 = ǫ(p 0 ) is the constant of integration needed to fix the solution. This ǫ 0 is fixed in the fits performed in Sec. III by matching to a low density equation of state at the pressure, p 0 (i.e. at x 0 = 0), chosen to be a point somewhat below nuclear density. The quadratures indicated in Eq. (7) can not be done analytically for the expansion given in Eq. (6), so an explicit analytic expression for the equation of state is not available in this case. However, the integrands in these quadratures are analytic functions that can be integrated numerically very accurately and efficiently. Using Gaussian quadrature for example, double precision accuracy can be achieved using about 10 points for each integral. So there is very little practical difference between having an explicit analytic expression for the equation of state, and the expression in Eq. (7) in terms of quadratures of explicit analytic functions.
It might be advantageous in some situations to construct spectral expansions for the equation of state using thermodynamic quantities other than Γ(p). For example, the adiabatic sound speed, v(p), defined by
(where c is the speed of light) could be used to obtain the equation of state by integrating the simple ordinary differential equation,
The thermodynamic stability condition, 0 ≤ v 2 , could be enforced in this case by constructing the following spectral expansion,
Alternatively, it might be desirable to enforce both the thermodynamic stability condition and the "causality" conditions,
by constructing the spectral expansion in the following way,
For the remainder of this paper, spectral representations of the equation of state will be based on the familiar adiabatic index Γ(p). The discussion in Sec. III shows that Γ(p) is a reasonably slowly varying function for "realistic" neutron-star equations of state, which can be represented fairly accurately using expansions having only a few terms. Using Γ(p) for these expansions also allows us to make straightforward comparisons with published piecewise-polytrope approximations to the equation of state [2] . The accuracy and efficiency of these expansions in representing "realistic" neutron-star equations of state is explored in Sec. III.
B. Enthalpy Based Forms
The spectral expansions of the standard representation of equation of state, ǫ = ǫ(p), should be quite useful 2 The condition v 2 ≤ c 2 only represents a true causality condition if the equation of state ǫ(p) describes both the time dependent and the equilibrium properties of the material. In neutron-star matter, various strong and weak nuclear interactions determine the relative abundances of the various particle species in the equilibrium state. Thus v 2 evaluated for the equilibrium equation of state only describes the sound propagation speed for low enough frequency waves that the material remains continuously in equilibrium. The condition v 2 ≤ c 2 may or may not represent a causality constraint therefore on sound waves with short enough wavelengths to be physically relevant in neutron stars.
for many applications. For some applications, however, the standard representation, ǫ = ǫ(p), is not ideal. For example, a useful form of the relativistic stellar structure equations [4] requires the equation of state to be expressed in terms of the relativistic enthalpy, h. For applications such as this, ǫ = ǫ(p) must be re-written as a pair of equations ǫ = ǫ(h) and p = p(h), where h is defined as
The needed expressions, ǫ = ǫ(h) and p = p(h), are constructed by inverting h = h(p) from Eq. (13) to obtain p = p(h), and composing the result with the standard equation of state,
The transformations needed to construct ǫ = ǫ(h) and p = p(h) are difficult to perform numerically in an efficient and accurate way. Therefore it may be preferable to construct a spectral expansion of the equation of state based directly on h. This can be done using the methods described above for the standard ǫ = ǫ(p) representation. To do this a spectral expansion of the adiabatic index, considered now as a function of the enthalpy Γ(h), must be defined. The scaled enthalpy variable x = log(h/h 0 ), is found to be useful, where h 0 is the lower bound on the enthalpy, h 0 ≤ h, in the domain where the spectral expansions are constructed. The expression for Γ(x) given in Eq. (6) then provides a useful expansion for Γ(h):
Next, the functions p(h) and ǫ(h) are defined by the system of ordinary differential equations, dp dh
that follow from the definitions of h, Eq. (13), and Γ, Eq. (2). The general solution to these equations can be reduced to quadrature:
whereμ(h) is defined as,
The constants p 0 and ǫ 0 are defined by p 0 = p(h 0 ) and ǫ 0 = ǫ(h 0 ) respectively. While these quadratures can not be done analytically for the spectral expansion defined in Eqs. (14) , they can be done numerically very efficiently and accurately using Gaussian quadrature, as in the standard equation of state case.
III. SPECTRAL FITS TO REALISTIC EQUATIONS OF STATE
The discussion in Sec. II shows how any equation of state can be represented by spectral expansions of the adiabatic index, like the one given in Eq. (6) . When these expansions are truncated, keeping only a finite number of terms, they produce fits to the equation of state, ǫ fit (p) that are expected to converge to the exact ǫ(p) as the number of terms in the expansion increases. In analogy with Fourier series, the rate of convergence for these fits should be exponential for smooth equations of state, and power law for less than smooth cases. The smoothness of an equation of state is determined by the details of the micro-physics that controls the properties of the material. The convergence rate of an expansion will be reduced therefore, from exponential to power law, when phase transitions or other non-smooth transitions are present. The number of terms required to achieve a certain level of accuracy in ǫ fit (p), therefore, will depend on the smoothness and variability of the adiabatic index Γ(p), and the suitability of the chosen spectral basis functions Φ k (p).
The accuracy and practicality of spectral expansions for two forms of the equation of state, ǫ = ǫ(p) and ǫ = ǫ(h), are evaluated in this section by constructing fits to 34 "realistic" neutron-star equations of state. These spectral fits are based on finite spectral expansions of Γ(p) and Γ(h) respectively. The equations of state used for these fits are the same as those used by Read, Lackey, Owen and Friedman [2] in their study of piecewise-polytrope approximations. These realistic equations of state are based on a variety of different models for the composition of neutron-star matter, and a variety of different models for the interactions between the particle species present in the model material. Descriptions of these realistic equation of state models, and references to the original publications on each of these equations of state are given in Ref. [2] , and are not repeated here. The individual equations of state are referred to here using the abbreviations used in Ref. [2] , e.g. PAL6, APR1, BGN1H1, etc. The list of these equations of state are given in the first column of Table III of Ref. [2] , and the first columns of Tables I and II in this paper.
Approximate equations of state, ǫ fit (p), have been constructed for each of the realistic neutron-star equations of state listed in Table I . These approximations are based on Eq. (7) with Γ(x) determined by the spectral expansion in Eq. (6). The ǫ fit (p) constructed in this way depend on the pressure through the variable x = log(p/p 0 ), as well as the spectral coefficients γ k : ǫ fit = ǫ fit (x, γ k ). The optimal choice of spectral coefficients, γ k , is made by minimizing the differences between ǫ fit (x i , γ k ) and the exact ǫ i = ǫ(x i ) for a set of pressures, x i , from the realistic neutron-star equation of state tables. These differences are measured by constructing the residual: 
Residuals ∆ Sk are illustrated for several spectral fits and for the polynomial fit ∆P 4 for each of the realistic equation of state models, which are represented as points along the horizontal axis in this figure. These residuals are for standard pressure-based representations of the equation of state, ǫ = ǫ(p), which are also given in Table I .
where the sum is over all the pressures in the tabulated realistic equation of state in the range p 0 ≤ p i ≤ p max . These are the pressures that may be present in the cores of neutron stars where the equation of state is not well known: p 0 is the pressure where the baryon density is ρ 0 = 2 × 10 14 g/cm 3 , and p max is the central pressure of the maximum-mass non-rotating neutron-star model for the particular equation of state. The constants p 0 , x max = log(p max /p 0 ), and the total energy density, ǫ 0 = ǫ(p 0 ), are given (in cgs units) in the last three columns of Table I for each of the realistic equations of state. This range of pressures coincides with the range used by Read, Lackey, Owen and Friedman [2] to construct their piecewise-polytrope fits. Using the same range of pressures here makes comparison with their work more straightforward.
The spectral coefficients, γ k , that determine the particular ǫ fit (x, γ k ) are chosen to minimize the residual ∆(γ k ) for each realistic equation of state. The minimization process was carried out with an algorithm based on the Levenberg-Marquardt method [16] , starting with initial estimates, γ 0 = 1 and γ k = 0 for k ≥ 1. Approximate ǫ fit were constructed in this way for expansions containing 2, 3, 4, and 5 spectral basis functions. The minimum values of the residuals, ∆ S2 , ∆ S3 , ∆ S4 , and ∆ S5 , for these cases are listed for each equation of state in Table I. The average values of these minimum residuals decrease from about 2.9% for the 2-parameter fits, to about 0.9% for the 5-parameter fits. For comparison the residuals ∆ P 4 for the 4-parameter piecewise-polytrope fits of Reid, Lackey, Owen, and Friedman [2] are also given in Table I for each equation of state. 3 The values of the residuals, ∆ S2 , ∆ S3 , ∆ S4 , ∆ S5 , and ∆ P 4 , are also shown 3 The residuals reported in Table III of Ref. [2] differ from the ∆ P 4 residual listed in Table I in two ways. The first difference is the residuals reported in Ref. [2] are evaluated using base-10 logarithms, rather than the natural logarithms used here. This difference makes the Ref. [2] residuals smaller by the factor log 10 e ≈ 2.3. The second difference is that ∆ P 4 reported here measures the accuracy of the piecewise-polytrope fits for ǫ(p), while the residuals reported in Ref. [2] measure the accuracy of those fits for p(ρ) where ρ is the baryon density of the material.
graphically in Fig. 1 . Points along the horizontal axis in Fig. 1 represent the different realistic equations of state in the order listed in Table I . These results show that the spectral fits are convergent, and do a fairly good job of approximating this collection of realistic equations of state. The 2-parameter spectral fits have smaller residuals than the 4-parameter piecewise-polytrope fits for most of these equations of state. Also listed in Table I are the optimal values of the spectral coefficients, γ 0 , γ 1 , γ 2 , and γ 3 , for the 4-parameter spectral approximation to each equation of state. These values, together with the tabulated constants ǫ 0 and p 0 can be used to re-construct the complete 4-parameter spectral fits for ǫ(p), using Eqs. and (7). Three equations of state have been chosen from the complete set to illustrate in more detail the accuracy of the fits. These three cases are equation of state PAL6 having the highest accuracy spectral fits, APR1 having spectral fits with average accuracy, and BGN1H1 having the lowest accuracy spectral fits. Figures 2-4 show the adiabatic index Γ(x) computed directly from the tabulated equations of state, the 4-parameter spectral fit to the adiabatic index, and the 4-parameter piecewisepolytrope fit for each of these equations of state. From 
Residuals ∆ Sk are illustrated for several spectral fits and for the polynomial fit ∆P 4 for each of the realistic equation of state models, which are represented as points along the horizontal axis in this figure. These residuals are for enthalpybased representations of the equation of state, ǫ = ǫ(h), which are also given in Table II. are as accurate and effective as those for the standard ǫ = ǫ(p) representation. So approximate equations of state, ǫ fit (h), have been constructed for the same set of 34 realistic neutron star equations of state described in Ref. [2] . As before these fits were made by adjusting the values of the spectral coefficients γ k defined in Eq. (14) , to minimize the residual ∆(γ k ) defined in (20). The only differences between this and the standard case are: The variable x = log(h/h 0 ) is chosen here to be an enthalpy variable, and the functions ǫ(h, γ k ) and p(h, γ k ) are determined here with Eqs. (17)-(19). Table II lists each equation of state, along with the residuals, ∆ S2 , ∆ S3 , ∆ S4 , and ∆ S4 , for the spectral fits having 2, 3, 4 and 5 non-zero spectral coefficients. The values of the residuals, ∆ S2 , ∆ S3 , ∆ S4 , ∆ S5 , and ∆ P 4 , are also show graphically in Fig. 8 for these enthalpy based fits. Table II also lists the coefficients, γ 0 , γ 1 , γ 2 , and γ 3 for the 4-parameter spectral fit. Finally, Table II contains information about the enthalpy variables, h 0 and x max = log(h max /h 0 ), for each equation of state. The quantity h 0 is the enthalpy for which ǫ 0 = ǫ(h 0 ) and p 0 = p(h 0 ) whose values are listed in Table I , and h max is the value for which p max = p(h max ). These results show that the spectral expansions of the enthalpy based representation of the equation of state are very comparable to the standard expansions. 
IV. DISCUSSION
The spectral fits constructed here were designed to explore how accurately the real neutron-star equation of state might be determined once the first few accurate neutron-star mass-radius measurements become available. These fits could be improved for equations of state with phase transitions by using separate spectral fits above and below the phase-transition pressure. These piecewise spectral fits could eliminate Gibbs phenomena errors, but would require significantly more (roughly double the number of) parameters. Measuring this larger number of parameters from neutron-star observations would therefore require a much larger number of accurate mass-radius determinations. A systematic study of the relative accuracy of single versus piecewise spectral expansions (with the same total number of free parameters) will therefore be delayed until more neutron-star measurements become available.
The fits constructed here show that spectral representations of the various realistic neutron-star equations of state are remarkably accurate, even when the number of basis functions used in the spectral expansion is rather small. Such expansions provide an attractive alternative to the piecewise-polytrope approximations for a variety of current "realistic" models of the equation of state. If the real neutron-star equation of state is relatively smooth, then these spectral expansions will provide an extremely efficient way to represent it. And remarkably, even if the neutron-star equation of state has a phase transition, these spectral fits do about as well as the piecewise polytrope fits with the same number of free parameters.
